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Abstract
We extend the coherent state transform (CST) of Hall to the context of the moduli spaces of
semistable holomorphic vector bundles with ﬁxed determinant over elliptic curves. We show
that by applying the CST to appropriate distributions, we obtain the space of level k; rank n
and genus one non-abelian theta functions with the unitarity of the CST transform being
preserved. Furthermore, the shift in the level k-k þ n appears in a natural way in this ﬁnite-
dimensional framework.
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
In [Ha1] Hall proposed a generalization of the Segal–Bargmann or coherent state
transform (CST) [Ba,Se1,Se2] in which Rn is replaced by an arbitrary compact
connected Lie group K and Cn by the complexiﬁcation KC of K : This Segal–
Bargmann–Hall CST was further generalized to gauge theories with applications to
gravity in the context of Ashtekar variables in [ALMMT] and to Yang–Mills
theories in two space–time dimensions in [DH]. For reviews and further
developments see [Ha2,Ha3,Th].
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In the present paper we continue the project started in [FMN] of the application of
CST techniques to the study of theta functions.
For a Riemann surface X of genus g; KC-theta functions are sections of
holomorphic line bundles L over the moduli space of semistable KC-bundles
on X
L-MKCðX Þ;
yAH0ðMKCðXÞ;LÞ:
The study of theta functions motivates considerable interest both from the
mathematical and physical points of view. In physics, the spaces H0ðMKCðXÞ;LÞ
correspond both to spaces of conformal blocks in WZW conformal ﬁeld theories and
to Hilbert spaces of states of Chern–Simons theories. It was in this context that the
Verlinde formula for the dimensions of these vector spaces of holomorphic sections
was discovered, see for example [Bea2,So] for a review.
In the case when KC is SLðn;CÞ; this moduli space can be interpreted, via the
well-known theorem of Narasimhan and Seshadri [NS], as the moduli space
MnðX Þ :¼MSLðn;CÞðXÞ of semistable rank n vector bundles with trivial determinant
over X ; and the corresponding non-abelian theta functions were already subject
of study by Weil. The conformal blocks are then represented by holo-
morphic sections of powers of determinant line bundles over MnðXÞ which
is also the moduli space of ﬂat SUðnÞ-connections on X : These non-abelian
theta functions have been widely studied since the 1990s, mainly from the
point of view of algebraic geometry. However, an analytic theory of these functions
is not yet fully developed, and there are many open questions related to them
[Bea1,Fa].
In this work we will consider the case when X is an elliptic curve, X ¼ Xt; Im t40:
Non-abelian theta functions of level k on the moduli space of holomorphic
bundles on elliptic curves have been studied mainly from two points of
view. Expressions for orthonormal frames for these theta functions have been
obtained by physical (formal) functional integral methods in conformal ﬁeld
theory, e.g., in [Ber,EMSS,FG,G]. These expressions were also obtained from
geometric quantization in inﬁnite dimensions and symplectic reduction of afﬁne
spaces in the context of Chern–Simons theory [AdPW]. In both approaches, one
observes a shift in the level k-k þ h; with h being the dual Coxeter number of K
(h ¼ n for SUðnÞ), which arises from a regularization of inﬁnite determinants of
differential operators on bundles over X (see also point (4) below). Note that the
shift in the level can also be given a cohomological interpretation in the context of
geometric quantization [Hi]. We will show that by extending the CST of Hall for
SUðnÞ to appropriate ﬁnite-dimensional spaces of distributions, we obtain the spaces
of non-abelian theta functions and that the averaged heat kernel measure descends
to a hermitean structure onLk making the CST transform unitary, with the correct
shift of level k-k þ n:
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More precisely, to obtain the relation between the CST for SUðnÞ and genus one
non-abelian theta functions we adopt a strategy similar to that of Section 4 of [FMN]:
(1) In Propositions 2.3 and 2.4 of Section 2.3 we consider the extension of the CST
to complexiﬁed Laplacians and then to the space of distributions CNðSUðnÞÞ0: By
taking the second step, we of course lose unitarity of the CST. The restriction of the
CST, for a simple, compact, connected and simply connected group K ; to AdK -
invariant functions and distributions is intimately related with the CST for the
maximal torus TCK ; but for Weyl anti-invariant functions and distributions as we
show in Theorems 2.2 and 2.4. This simple fact will play a crucial role and it is
behind the success of the CST in reproducing the shift k-k þ h:
(2) The relation between holomorphic functions on SLðn;CÞ (obtained from this
extended CST) and sections of line bundles over MnðXtÞ; is provided by pull-back
via the Schottky map, see Section 4 (specially Eqs. (74), (75) and Proposition 4.1),
S : SLðn;CÞ-MnðXtÞ:
In analogy with the abelian case, this gives a description of non-abelian theta
functions in genus one as holomorphic functions on a space whose complex structure
is canonical (independent of t).
(3) The theorems of Section 5.2 show that the restriction of the CST to appropriate
ﬁnite-dimensional subspaces Fk of Ad-invariant distributions (see (94) and (96))
leads to a vector bundle over the Teichmu¨ller space of genus one curves
*Hk-T1 ¼ ftAC : Im t40g; ð1Þ
which is isomorphic to the vector bundle Hk-T1 of conformal blocks, see (86),
with simple unitary (see the point 4) below) isomorphism Fk given by
Fk;t : *Hk;t-Hþk;t
C/ yþ ¼ e
jjrjj2
kþn pit sC
y
r;n
C ð2Þ
where *Hk;t ¼ *Hkjt ;Hþk;t ¼Hkjt and Fk;t ¼ Fkj *Hk;t: Here, y
7 denote Weyl invariant
or anti-invariant theta functions, r is the Weyl vector and sC (correspondingly s)
is the denominator in the Weyl character formula for the maximal torus
TCCKC ðTCKÞ: Note that sC is the analytic continuation of s: The image of Fk
under the CST selects a trivialization of the bundle of conformal blocks
corresponding to the frame (90).
(4) The natural hermitean structure deﬁned onHþk;t would seem to be the one for
which the frame (87) of Weyl invariant theta functions of level k is orthonormal. In
fact, however, the relevant hermitean structure for conformal ﬁeld theory is the one
for which the orthonormal frame is deﬁned in terms of level ðk þ hÞ Weyl anti-
invariant theta functions as in (90). This is what is known as ‘‘shift of level’’ in
the conformal ﬁeld theory literature, where it can be obtained with the help of
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inﬁnite-dimensional Feynman path integral methods [AdPW]. As we will show, the
CST on SUðnÞ selects the correct hermitean structure and thus leads to the shift of
level k-k þ n:
(5) The Hall averaged heat kernel measure on SLðn;CÞ deﬁnes a hermitian
structure (97) on *Hk for which the unitarity of the extended CST is recovered.
This strategy provides an intrinsically ﬁnite-dimensional framework for the study
of non-abelian theta functions in genus one.
The organization of the paper is the following. In Section 2, we extend the CST to
class functions on compact Lie groups and extend the results to Ad-invariant
distributions on the group. In Section 3, we extend the results of [FMN] to abelian
varieties with a general polarization. In the following sections, we restrict ourselves
to the context of elliptic curves and K ¼ SUðnÞ ðKC ¼ SLðn;CÞÞ corresponding to
the moduli space MnðXtÞ: (We expect that the corresponding results for other Lie
groups should also apply.) In Section 4, we describe the Schottky map from the
space of Schottky representations of p1ðXtÞ in KC to the moduli space MnðXtÞ: By
considering the Schottky map, we show in Section 5 that the results in [FMN] extend
to non-abelian theta functions in genus 1. Namely, applying the CST to appropriate
ﬁnite-dimensional spaces of distributionsFkCCNðSUðnÞÞ0 yields the spaces of level
k non-abelian theta functions (Theorem 5.3). In this case however, as we show in
Theorems 5.3 and 5.4, not only the Hall averaged heat kernel measure makes the
CST unitary, but also the hermitean structure that it deﬁnes on the corresponding
vector bundle over the Teichmu¨ller space is the ‘‘correct’’ one in the sense that it
contains the level shift k/k þ n: Surprisingly, the case of SUð2Þ is special and is
treated in Section 5.3, where the main results are formulated in Theorem 5.5.
Extensions of this work and applications to the moduli space of semistable vector
bundles on higher genus curves will appear in [FMNT].
2. Extensions of the coherent state transform
2.1. Coherent state transform for Lie groups
Let K be a compact connected Lie group of rank l; KC its complexiﬁcation (see
[Ho]) and let rt; t40; be the heat kernel for the Laplacian DK on K associated to an
Ad-invariant inner product on its Lie algebra LieðKÞ: If fXi; i ¼ 1;y; dim Kg is a
corresponding orthonormal basis for LieðKÞ viewed as the space of left-invariant
vector ﬁelds on K ; then DK ¼
Pdim K
i¼1 XiXi: As proved in [Ha1], rt has a unique
analytic continuation to KC; also denoted by rt: The K-averaged coherent state
transform (CST) is deﬁned as the map
Ct :L
2ðK ; dxÞ-HðKCÞ
Ctð f ÞðgÞ ¼
Z
K
f ðxÞrtðx
1gÞ dx; fAL2ðK ; dxÞ; gAKC; ð3Þ
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where dx is the normalized Haar measure on K and HðKCÞ is the space of
holomorphic functions on KC: For each fAL2ðK ; dxÞ; Ctf is just the analytic
continuation to KC of the solution of the heat equation,
1
p
@u
@t
¼ DK u; ð4Þ
with initial condition given by uð0; xÞ ¼ f ðxÞ: Therefore, Ctð f Þ is given by
Ctf ðgÞ ¼ ðC 3 rt%f ÞðgÞ ¼ ðC 3 etpDK f ÞðgÞ; ð5Þ
where% denotes the convolution in K and C denotes analytic continuation from K
to KC: Let dnt be the K-averaged heat kernel measure on KC deﬁned in [Ha1]. Then
the following result holds.
Theorem 2.1 (Hall). For each t40; the mapping Ct defined in (3) is a unitary
isomorphism from L2ðK; dxÞ onto the Hilbert space L2ðKC; dntÞ-HðKCÞ:
To obtain a more explicit description of this CST, consider the expansion of
fAL2ðK ; dxÞ given by the Peter–Weyl theorem,
f ðxÞ ¼
X
R
trðRðxÞARÞ; ð6Þ
where the sum is taken over the set of (equivalence classes of) irreducible
representations of K ; and ARAEnd VR is given by
AR ¼ ðdim VRÞ
Z
K
f ðxÞRðx
1Þ dx; ð7Þ
VR being the representation space for R. Then one obtains
Ctf ðgÞ ¼
X
R
e
tpcR trðRðgÞARÞ; ð8Þ
where cRX0 is the eigenvalue of 
DK on functions of the type
trðARðxÞÞ; AAEndðVRÞ:
2.2. Coherent state transform for class functions on Lie groups
From now on, let K be a compact connected and simply connected simple Lie
group and let /;S be the Ad-invariant inner product on LieðKÞ for which the
longest root has squared length 2. Here, we will study the restriction of the CST to
class (i.e. AdK -invariant) functions and its relation to the CST transform on a
maximal torus TCK : The main results in this section are Theorems 2.2 and 2.3. Let
K=AdK be the quotient space for the adjoint action of K on itself. As we will show in
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Section 5.2, for K ¼ SUðnÞ; it turns out that the image of appropriately chosen
distributions on K=AdKDT=W (where W is the Weyl group), related with
Bohr–Sommerfeld conditions in geometric quantization, with respect to a natural
extension of Ct in (5) and (8), gives functions satisfying quasi-periodicity conditions
in the imaginary directions of KC ¼ SLðn;CÞ: These functions correspond to
holomorphic sections of the pull-back of line bundles over the moduli space of
holomorphic vector bundles with trivial determinant over an elliptic curve Xt: Here,
the appropriate metric to be considered on KC is related to the complex structure
t on Xt; where tAC; ImðtÞ40:
Let h be the Cartan subalgebra for KC corresponding to T ; and let LR; LWCh

R;
$LR; $LWChR be the root, weight, coroot and coweight lattices, respectively. We
consider ﬁxed a choice of positive roots. Denote also by /;S the inner product
induced on hR by the inner product /;S on h:
From the Peter–Weyl expansion (6) and Schur’s lemma, one sees that the space
L2ðK; dxÞAdK of Ad-invariant functions on L2ðK ; dxÞ corresponds to choosing all the
endomorphisms AR proportional to the identity AR ¼ aRIR: Therefore, any
fAL2ðK ; dxÞAdK can be expressed as
f ¼
X
lALþ
W
alwl; ð9Þ
where we labelled irreducible representations of K by the highest weights l in the set
of dominant weights LþWCLW and wl ¼ trðRlÞ is the character corresponding to l:
By restricting the coherent state transform (3) and (8) to the closed subspace of
Ad-invariant functions on K we obtain
Proposition 2.1. The restriction CAdt of the CST (3) to the Hilbert space L
2ðK ; dxÞAdK
is an isometric isomorphism onto the Hilbert space L2ðKC; dntÞAdKC-HðKCÞ:
Proof. From (9) and (8) we see that for fAL2ðK ; dxÞAdK we have
CAdt f ðgÞ ¼ Ctf ðgÞ ¼
X
lALþ
W
ale

tpclwlðgÞ
¼
X
lALþ
W
ale

tpcl trðRlðgÞÞ; gAKC: ð10Þ
where cl ¼ cRl ; and therefore the image of an AdK -invariant function on K is an
AdKC -invariant function on KC: On the other hand, a non-AdK -invariant f has in its
Peter–Weyl expansion at least one AR which is not proportional to the identity and
therefore its image will not be AdKC -invariant. Let now FAL
2ðKC; dntÞAdKC-HðKCÞ:
From the ontoness of Ct and from Schur’s lemma as above, we see that F has form
(10) and is therefore the image under Ct of an AdK -invariant function on K: &
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In view of the isomorphism of CNðKÞAdKDCNðTÞW it is interesting to relate the
CST CAdt for Ad-invariant functions on K with the ‘‘abelian’’ CST C
T
t for functions
on T : Amazingly, the interesting relation is with W -anti-invariant and not W -
invariant functions on T : This fact will have important consequences for the
application to non-abelian theta functions that we pursue in the next sections. In
particular, it will lead to the well-known shifts of level k-k þ h and of weights
l-lþ r; where h is the dual Coxeter number for LieðKÞ and rALW is the Weyl
vector given by half the sum of the positive roots.
First of all notice that from the Weyl integration formula (see for example [Kn])
we see that there exists an isometric isomorphism into the space of W -invariant
functions on T1,
L2ðK ; dxÞAdK-L2ðT ; jsj2dh=jW jÞW ;
f/ fjT ; ð11Þ
where dh denotes the normalized Haar measure on T ; jW j is the order of W and s is
the denominator of the Weyl character formula given by
sðe2pihÞ ¼
X
wAW
eðwÞe2piwðrÞðhÞ; for hAhR: ð12Þ
Here, eðwÞ ¼ detðwÞ with wAW viewed as an orthogonal transformation in hR:
Notice that s is Weyl anti-invariant, that is if wAW then s 3 w ¼ eðwÞs:
Let a1;y; al be a set of simple roots and l1;y; ll the corresponding set of
fundamental weights such that
2/li ;ajS
/aj ;ajS
¼ dij: The coordinates on hR corresponding to
the coroots $aj will be denoted by xj: The invariant Laplacian on T corresponding to
the inner product /;S on h is given by
DT ¼
Xl
i;j¼1
1
4p2
Cij
@2
@xi@xj
; ð13Þ
where Cij ¼ /li; ljS is the inverse of the Cartan matrix Cij ¼ /ai; ajS for LieðKÞ:
As in the case of the group K ; there is a unique analytic continuation rTt to TC of
the heat kernel for the Laplacian DT on T ; and we deﬁne for each t40 the ‘‘abelian
CST’’ as the map:
CTt : L
2ðT ; dhÞ-HðTCÞ
CTt ð f ÞðzÞ ¼
Z
T
f ðhÞrTt ðh
1zÞdh; fAL2ðT; dhÞ; zATC; ð14Þ
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whereHðTCÞ is the space of holomorphic functions on TCDh= $LRDðCÞl : It is easy
to see that if fAL2ðT ; dhÞ is given by
f ðhÞ ¼
X
lALW
ble
2pilðhÞ; for hAT ; ð15Þ
then
CTt ð f ÞðzÞ ¼
X
lALW
ble

tpjjljj2e2pilðzÞ; where zATC: ð16Þ
As before, Hall’s result applies to this CST and we have
Corollary 2.1 (Hall). For each t40; the mapping CTt is an isometric isomorphism onto
the Hilbert space L2ðTC; dnTCt Þ-HðTCÞ; where dnTCt ¼ nTCt dz is the averaged heat
kernel measure on TC:
The explicit expression for nTCt is
nTCt ðe2pivÞ ¼
2
t
 l=2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det½Cij
q
e
p
2t
/v
%v;v
%vS; ð17Þ
where vAh and TCDh= $LR; and conjugation v/%v is the anti-linear involution in
h preserving hR:
Functions in (10) are the analytic continuation of Ad-invariant solutions of the
heat equation on K while those in (16) are the analytic continuation of solutions of
the heat equation on T and which, if Weyl invariant, can in turn be extended to AdK -
invariant functions on K : As noticed by Fegan [Fe] two facts make it particularly
simple to relate Ad-invariant solutions of the heat equation on K with Weyl anti-
invariant solutions of the heat equation on T : The ﬁrst is the Weyl character formula
wl ¼
1
s
X
wAW
eðwÞe2piwðlþrÞ ð18Þ
and the second is the identity
cl ¼ jjlþ rjj2 
 jjrjj2: ð19Þ
Let L2ðT ; dhÞW
 and L2ðTC; dnTCt ÞW
 denote the W -anti-invariant subspaces. Since the
actions of W and DT on L2ðT ; dhÞ commute, we have a result analogous to
Proposition 2.1 (with similar proof which we omit):
Proposition 2.2. The restriction of the abelian CST (14) (which we will denote by the
same symbol CTt ) to the space L
2ðT ; dhÞW
 is an isometric isomorphism onto the Hilbert
space L2ðTC; dnTCt ÞW
-HðTCÞ:
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From (10), (16), (18) and (19) we see that by multiplying an Ad-invariant solution
of the heat equation on K by se
tpjjrjj
2
we obtain a W -anti-invariant solution of
the heat equation on T : Moreover, this map takes CAdt to C
T
t restricted to W
anti-invariant functions. More precisely, consider the maps j and jC given
respectively by
j : L2ðK ; dxÞAdK-L2ðT ; dhÞW

f/
sﬃﬃﬃﬃﬃﬃﬃﬃjW jp fjT
and
jC :L
2ðKC; dntÞAdKC-HðKCÞ-L2ðTC; dnTCt ÞW
-HðTCÞ
f/ e
tpjjrjj
2 sCﬃﬃﬃﬃﬃﬃﬃﬃjW jp fjTC
where sC denotes the analytic continuation of (12). We then have the following
Theorem 2.2. The maps j and jC are isometric isomorphisms and the following
diagram is commutative:
L2ðK ; dxÞAdK 	!CAdt L2ðKC; dntÞAdKC-HðKCÞ
kj kjC
L2ðT ; dhÞW
 !
CTt
L2ðTC; dnTCt ÞW
-HðTCÞ:
ð20Þ
Proof. From the Weyl integration formula we see that j is an isometry. It is easy to
check that if fAL2ðT ; dhÞW
 ; then its expansion (15) receives contributions only from
non-singular weights lALW ; i.e., such that /l; aiSa0 for all simple roots ai: This
implies that such f is of the form
f ðhÞ ¼
X
lALW
l non-singular
ble
2pilðhÞ:
Using Weyl anti-invariance and the fact that any regular l0ALþW is of the form
l0 ¼ lþ r; lALþW ; we obtain
f ðhÞ ¼
X
wAW
eðwÞ
X
lALþ
W
blþre2piwðlþrÞðhÞ ¼ sðhÞ
X
lALþ
W
blþrwlðhÞ;
ARTICLE IN PRESS
C.A. Florentino et al. / Journal of Functional Analysis 204 (2003) 355–398 363
so that f =s can be extended to L2ðK ; dxÞAdK ; and j is an isomorphism. On the other
hand, from (10), (16), (18) and (19) we see that the diagram commutes. It then
follows from Propositions 2.1 and 2.2 that jC is also an isometric isomorphism. &
The extension of the map jC to all AdKC -invariant L
2 functions for the heat kernel
measure, gives also an isometric isomorphism between L2ðKC; dntÞAdKC and
L2ðTC; dnTCt ÞW
 : This is a consequence of the following integration formula which
is an analog of the Weyl integral formula for the heat kernel measures2.
Theorem 2.3. If fAL1ðKC; dntÞ is a class function, then, for all t40Z
KC
f ðgÞntðgÞ dg ¼ e

2tpjjrjj2
jW j
Z
TC
f ðhÞjsCðhÞj2nTCt ðhÞ dh: ð21Þ
Proof. Let f ðgÞ be any integrable function on KC: Its integral over KC can be
computed as a double integral, by the following formula of Harish-Chandra [HC]Z
KC
f ðgÞ dg ¼ 1jW j
Z
TC
Z
TC\KC
f ðu
1huÞ du
 !
jDðhÞj2 dh; ð22Þ
where
DðhÞ ¼
Y
aAD
ð1
 e
2piaðhÞÞ
with D being the set of roots of the complexiﬁcation of LieðKCÞ; considered as
a real Lie algebra (see for example [Kn, Chapter VIII]). It is not difﬁcult to verify
that since LieðKCÞ is already complex, DðhÞ is equal to jsCðhÞj2 (see for instance,
[Ga]). Applying (22) to the product f ðgÞntðgÞ; where f ðgÞ is now a class function,
we obtainZ
KC
f ðgÞntðgÞdg ¼ 1jW j
Z
TC
f ðhÞ
Z
TC\KC
ntðu
1huÞ du
 !
jsCðhÞj4dh
¼ 1jW j
Z
TC
f ðhÞjsCðhÞj2FntðhÞ dh; ð23Þ
where the orbit integral
FntðhÞ ¼ jsCðhÞj2
Z
TC\KC
ntðu
1huÞ du
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has been computed by Gangolli ([Ga, (3.18) and (5.11)]), for regular h ¼ e2piv;
FntðhÞ ¼ e
2tpjjrjj
2 2
t
  l
2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
det Cij
p
e
p
2t
jjv
%vjj2 ¼ e
2tpjjrjj2nTCt ðhÞ: ð24Þ
To compare (24) with Gangolli’s expression note that the vector r in [Ga] equals 2r
in our notation. Also, if j  j denotes both the norm induced in hR and in hR by the
Killing inner product then there exists a positive constant c (depending only on
LieðKÞ) such that
juj ¼ cjjujj; uAhR;
jlj ¼ 1
c
jjljj; lAhR:
Up to a constant multiplicative factor (depending on the normalization of the
Haar measure on KC) nt coincides with gc2pt=2 of [Ga]. The multiplicative factor in
(24) can be determined by choosing f ¼ 1 in (22) and by using the isometricity of jC
in (20).
Since the set of all regular hATC is a full (Haar) measure set we can substitute (24)
in (23) to obtain (21). &
Corollary 2.2. For every t40; the map jC defined in (20) establishes an isometric
isomorphism between L2ðKC; dntÞAdKC and L2ðTC; dnTCt ÞW
 :
2.3. Extension to distributions
In order to apply later the CST to the study of non-abelian theta functions
on an elliptic curve with modular parameter t in the Teichmu¨ller space of genus 1
curves T1 ¼ ftAC : Im t40g; let us consider the complex non-self-adjoint
Laplacian on K
Dð
itÞK ¼ 
itDK ¼ 
it
Xdim K
j¼1
XjXj; ð25Þ
where fXi; i ¼ 1;y; dim Kg is an orthonormal basis for LieðKÞ viewed as the space
of left-invariant vector ﬁelds on K as in Section 2.1. Then we have
Proposition 2.3. For each tAT1 and each t40; the mapping Ctt
Ctt ¼ C 3 etpD
ð
itÞ
K : L2ðK ; dxÞ-HðKCÞ ð26Þ
is a unitary isomorphism onto the Hilbert space
L2ðKC; dntt2Þ-HðKCÞ;
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where t2 ¼ Im t and dntt2 is the averaged heat kernel measure corresponding to the
Laplacian DK : The restriction of the CST (26) to the space L2ðK ; dxÞAdK ; also denoted
by Ctt ; is an isometric isomorphism onto the Hilbert space
L2ðKC; dntt2ÞAdKC-HðKCÞ:
Proof. Let t1 ¼ ReðtÞ and decompose the transform (26) as
C 3 etpD
ðt2Þ
K 3 etpD
ð
it1Þ
K ¼ Cit2t 3 e
it1tpDK :
The Laplace operator DK is self-adjoint on L2ðK ; dxÞ and therefore the operator
e
it1tpDK : L2ðK; dxÞ-L2ðK ; dxÞ
is unitary. The unitarity of C
it2
t follows from Theorem 2.1. To obtain the second
statement notice that the image under the CST (26) of f in the form (9) is given by
Ctt f ðzÞ ¼
X
lALþ
W
ale
ipttclwlðzÞ: ð27Þ
The proof then follows from the proof of Proposition 2.1 with obvious changes. &
We will now extend the CST transform of Proposition 2.3 to the space of
distributions CNðKÞ0 [V]. This is the space of Fourier series of the form [Sc]
f ¼
X
lALþ
W
trðRlAlÞ ð28Þ
for which there exists an integer N40 such that
lim
jjljj-N
jjAljj
ð1þ jjljj2ÞN ¼ 0; ð29Þ
where jjAljj is the operator norm of the endomorphism AlAEndðRlÞ: Consider the
extension of the adjoint action of K on CNðKÞ to CNðKÞ0 deﬁned by
x  f ¼
X
lALþ
W
trðRlAxlÞ;
where Axl ¼ RlðxÞAlRlðx
1Þ; 8xAK : If f is in the space of AdK -invariant
distributions fAðCNðKÞ0ÞAdK then Schur’s lemma and (28) again imply that it has
a unique representation of the form
f ¼
X
lALþ
W
alwl: ð30Þ
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The Laplace operator and its powers act as continuous linear operators on the
space CNðKÞ0 and for t240 deﬁne the action of the operator eptD
ð
itÞ
K on it. For f of
the form (28) we have
eptD
ð
itÞ
K f ¼
X
lALþ
W
eipttcltrðRlAlÞ: ð31Þ
Proposition 2.4. If f ¼PlALþ
W
trðRlAlÞACNðKÞ0 then the seriesX
lALþ
W
eipttcltrðRlðgÞAlÞ; ð32Þ
where gAKC; defines a holomorphic function on KC T1 which we denote by
ðC 3 eptDð
itÞK Þð f Þ:
Proof. The growing condition (29), together with (19), implies that there exists a
c40 such that
jjAljje
tpt2clpe
cjjljj2 ;
for jjljj sufﬁciently large. On the other hand, writing g ¼ x expðiY Þ for xAK ;
YALieðKÞ; one has jjRlðgÞjjpexpðMjjY jj jjljjÞ; for some constant M40: Therefore,
the series (32) is uniformly convergent on compact subsets of KC T1 and its sum
deﬁnes a holomorphic function there. &
Corollary 2.3. If the distribution f is AdK -invariant of the form (30) then the seriesX
lALþ
W
ale
ipttclwlðgÞ ð33Þ
defines an AdKC -invariant holomorphic function on KC T1:
Deﬁnition 2.1. The K-coherent state transform for the elliptic curve Xt ¼
C=ðZ"tZÞ; tAT1; and t40 is the map
Ctt ¼ C 3 eptD
ð
itÞ
K : ðCNðKÞ0ÞAdK-HðKCÞAdKC : ð34Þ
Remark 2.1. The role of the elliptic curve Xt will become clear in Section 5.
We will also need the extension of the abelian coherent state transform in (14) to
the present case. This will be related later on in Deﬁnition 3.1 to a CST associated to
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the matrix *O ¼ tC
1 and deﬁned by
C
TðtÞ
t ¼ C 3 e
iptDT : CNðTÞ0-HðTCÞ:
Consider the maps j and jC generalizing the maps in (20) given by
j : ðCNðKÞ0ÞAdK- ðCNðTÞ0ÞW
X
lALþ
W
alwl/
1ﬃﬃﬃﬃﬃﬃﬃﬃjW jp XwAW eðwÞ
X
lALþ
W
ale
2piwðlþrÞ ð35Þ
and
jC :HðKCÞ-HðTCÞW

f/ eittpjjrjj
2 sCﬃﬃﬃﬃﬃﬃﬃﬃjW jp fjTC : ð36Þ
We then have the following.
Theorem 2.4. The maps j and jC are isomorphisms, and the following diagram is
commutative:
ðCNðKÞ0ÞAdK !C
t
t
HðKCÞAdKC
kj kjC
ðCNðTÞ0ÞW
 	!CTðtÞt HðTCÞW

ð37Þ
and the maps Ctt and C
TðtÞ
t are injective.
Proof. A similar argument to the one in the proof of Theorem 2.2, the Weyl
character formulas (18) and (30) show that j is an isomorphism. On the other hand,
from (27), (30) and (16) we see that Ctt and C
TðtÞ
t are injective. Indeed, two
distributions f1 and f2 with representations (30) are different if and only if there exists
lALþW such that the corresponding coefﬁcients a
1
l; a
2
l are different. Then, the two
holomorphic functions Ctt f1 and C
t
t f2 also have different coefﬁcients with respect to
wl and are therefore different, as can be readily seen by restriction to K : The
injectivity of C
TðtÞ
t is proved in a similar way. The fact that jC is also an
isomorphism, follows from Lemma 9 of [Ha1]. Indeed, any fAHðKCÞ has a unique
Peter–Weyl decomposition which corresponds to the unique analytic continuation to
KC of f jKAL2ðK ; dxÞ: (The same applies to TC:) Therefore, again, an analogous
argument to the one in the proof of Theorem 2.2 shows that jC is an isomorphism.
Finally, the diagram commutes due to the Weyl character formula, (19) and the
expressions for the CST in (27), (16) and (31). &
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3. Coherent state transform and theta functions on polarized abelian varieties
In this section, we extend the results of [FMN] to abelian varieties with
general polarization. This extension is necessary because non-abelian theta functions
on the moduli space of holomorphic vector bundles over elliptic curves are
naturally related with abelian theta functions on certain non-principally polarized
abelian varieties (see (73), (77), (80), the Appendix and also [L]). The main result
of [FMN] continues to hold (see Theorem 3.1) with small modiﬁcations. The
information about the polarization is reﬂected for instance in the support of
the distributions in (61) and in the dimensionality of the space of level k theta
functions (see (60)).
Let V be an l-dimensional complex vector space and LDZ2l a maximal lattice in
V such that the quotient
M ¼ V=L ð38Þ
is an abelian variety, i.e. a complex torus which can be holomorphically embedded
in projective space. For later convenience we will assume that M is endowed with
a polarization H; not necessarily principal [BL,GH,Ke]. By deﬁnition, H is a
positive deﬁnite hermitean form on V whose imaginary part is integral on L:
Let E ¼ 
Im H; so that E is an integral alternating bilinear form on L: According to
the elementary divisor theorem, there is a canonical basis of L; b1;y; bl ; *b1;y; *bl
characterized by
Eðbi; bjÞ ¼ Eð *bi; *bjÞ ¼ 0;
Eðbi; *bjÞ ¼ didij; i; j ¼ 1;y; l; ð39Þ
where d1jd2j?jdl are positive integers, depending only on E; and dij is Kronecker’s
delta symbol. Deﬁne E1 ¼ 
Im H1 to be the form with d1 ¼ 1:
Now, let us decompose V into isotropic subspaces with respect to E1; V1 ¼
"li¼1 Rbi; V2 ¼"li¼1 R *bi; and decompose the lattice in the same way Li ¼ Vi-L;
i ¼ 1; 2; so that L ¼ L1"L2: Let a be the semicharacter for H which is trivial on L1
and L2; i.e, a is the unique map a :L-Uð1Þ satisfying
aðlþ l0Þ ¼ aðlÞaðl0Þe
piE1ðl;l0Þ;
ajL1 ¼ ajL2 ¼ 1:
(
To this particular Appell–Humbert pair ða; H1Þ; we can associate a line bundle which
we will denote by L1 ¼ Lða; H1Þ over M via the following (canonical) factors of
automorphy:
aðv; lÞ ¼ aðlÞepH1ðv;lÞþp2 H1ðl;lÞ:
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Recall that, via the canonical identiﬁcation of H2ðM;ZÞ with the space of integral
alternating bilinear forms on L; the ﬁrst Chern class of L1; c1ðL1Þ; corresponds to
the form E1:
Level k theta functions on M are holomorphic sections, *y; of Lk1 ¼ Lðak; kH1Þ;
*yAH0ðM; Lk1Þ:
For convenience, we will consider the following different but equivalent factors
of automorphy for L1: Let S be the C-bilinear extension of HjV1V1 to VDC  V1;
and deﬁne
F ¼ 1
2i
ðH 
 SÞ ð40Þ
which is a form C-linear in the ﬁrst variable. Then, Lk1 is also given by the following
(classical) factors of automorphy eðl; vÞ ¼ aðlÞe2pikFðv;lÞþpikFðl;lÞ; which can be
rewritten as
eðl1 þ l2; vÞ ¼ e2pikFðv;l2ÞþpikFðl2;l2Þ; liALi: ð41Þ
To write down explicit expressions for the theta functions, consider the lattice dual
to L with respect to E1;
#L ¼ fvAV : E1ðv; lÞAZ; 8lALg ¼ #L1" #L2*L; ð42Þ
where #Li ¼ Vi- #L*Li; for i ¼ 1; 2: A basis for #L1 and #L2 is given, respectively, by
b0j ¼
1
dj
bj;
*b0j ¼
1
dj
*bj ¼
Xl
i¼1
Oijbi; j ¼ 1;y; l;
where O ¼ ðOijÞ is a matrix in the Siegel upper half-space Hl of symmetric l  l
matrices with positive imaginary part.
One computes,
Fð *b0i; *b0jÞ ¼ 
Oij : ð43Þ
Using the automorphy factors (41), we see that the space H0ðM; Lk1Þ; is
isomorphic to the space of holomorphic functions on V=L1DðCÞl satisfying
quasi-periodicity conditions in the directions of L2 given by
yðv þ bÞ ¼ e2pikFðv;bÞþpikFðb;bÞyðvÞ; bAL2: ð44Þ
Let us denote the latter space by Hk;O;
Hk;OCHððCÞlÞ;
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where HððCÞlÞ denotes the space of holomorphic functions on ðCÞl : Conditions
(44) then imply that there is one independent theta function yAHO;k; for every
CAðk
1 #L2Þ=L2 given by
yCðvÞ ¼
X
bAL2
e
pikFðc0þb;c0þbÞ
2pikFðc0þb;vÞ
¼
X
cAC
e
pikFðc;cÞ
2pikFðc;vÞ; ð45Þ
where ½c0 ¼ CAðk
1 #L2Þ=L2: In coordinates,
c ¼
X
j
mj
*b0j
k
; m ¼ ðm1;y; mlÞAZl ;
b ¼
X
j
pj *bj ¼
X
j
pjdj *b0j; p ¼ ðp1;y; plÞAZl ;
v ¼
X
j
zjbj ; z ¼ ðz1;y; zlÞACl ; ð46Þ
the theta functions take the form
ymðz;OÞ ¼
X
pAZl
epiðmþkdpÞ
O
k
ðmþkdpÞþ2piðmþkdpÞz; ð47Þ
where mAZl=kðd1Z"?"dlZÞ; with d1 ¼ 1; d ¼ diagðd1;y; dlÞ and z  z0 ¼ z1z01 þ
?þ zlz0l : In these coordinates the automorphy factors (41) take the form
eð *bj; zÞ ¼ e
2pikzjdj
pikOjjd
2
j : ð48Þ
For the beneﬁt of Section 5 let us consider a more general basis fgjg2lj¼1 (not
necessarily canonical) for L1"L2 and its dual basis fg0jg2lj¼1 for #L1" #L2: Notice that
the basis of L1 given by fgjglj¼1 can be extended to a canonical basis of L1"L2 if and
only if djg0jþl is a basis of L2: Let fbj; *bjg continue to denote a canonical basis of
L1"L2 and
bj ¼
Xl
i¼1
giPij ; *bj ¼ *b0jdj;
bj ¼ b0jdj; *b0j ¼
Xl
i¼1
g0iþlQij ;
gjþl ¼
Xl
i¼1
g0iþlRij ; ð49Þ
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where P; QASLðl;ZÞ and duality demands that PtQ ¼ Id: We then have
g0jþl ¼
Xl
i¼1
gi *Oij; ð50Þ
where
*O ¼ POPtAHl ; ð51Þ
and also Fðgj; g0iþlÞ ¼ 
dji and Fðg0jþl ; g0iþlÞ ¼ 
 *Oji; where dji: Considering then
instead of (46) the coordinates
c ¼
X
j
m˜j
g0
jþl
k
; m˜ ¼ ðm˜1;y; m˜lÞAZl ;
b ¼
X
j
p˜jgjþl ¼
X
j
g0jþlRij p˜i; p˜ ¼ ðp˜1;y; p˜lÞAZl ;
v ¼
X
j
z˜jgj; z˜ ¼ ðz˜1;y; z˜lÞACl ; ð52Þ
we obtain for the theta functions the expressions
ym˜ðz˜; *OÞ ¼ ymðz;OÞ ¼
X
p˜AZl
epiðm˜þkRp˜Þ
*O
k
ðm˜þkRp˜Þþ2piðm˜þkRp˜Þz˜: ð53Þ
In these coordinates the automorphy factors take the form
eðglþj; z˜Þ ¼ e
2pikðR
tz˜Þj
pikðRt *ORÞjj : ð54Þ
Returning to the canonical coordinates we see from (47) that the theta functions
are the analytic continuation to TC ¼ ðCÞlDV=L1 of solutions (with t ¼ 1=k) of the
heat equation on T ¼ Uð1Þl
1
p
@u
@t
¼ Dð
iOÞT u; ð55Þ
where
Dð
iOÞT ¼ 

Xl
j;j0
i
4p2
Ojj0
@2
@xj @xj0
; ð56Þ
and the xiA½0; 1 are angular coordinates on Uð1Þl : Of course, that in the coordinates
(52) the functions ym˜ are the analytic continuations of solutions of the heat equation
of (56) with *O in the place of O:
Following [FMN] we extend the CST to distributions on ðS1Þl :
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Deﬁnition 3.1. The CST for the matrix OAHl is the transform
C
TðOÞ
t : ðCNððS1ÞlÞÞ0-HððCÞlÞ
f/C 3 eptD
ð
iOÞ
T f : ð57Þ
The fact that the map (57) is well-deﬁned follows from Lemma 4.1 of [FMN]. The
averaged heat kernel function nTCt in this case reads
nTCt ðzÞ ¼
2
t
  l
2ðdet WÞ12 e
p
2t
P
ij
ðzi
%ziÞWijðzj
%zjÞ; ð58Þ
where W ¼ O
12 ¼ ImðOÞ
1: In periodic coordinates ðZ; xÞ dual to the canonical
basis fbj ; *bjg and related to z in (46) by z ¼ Zþ Odx; the heat kernel measure reads
nTCt ðZ; xÞ dZ dx ¼
2
t
  l
2ðdetO2Þ
1
2 ðdet dÞe
2pt
P
ij
xidiO2ij xjdj dZ dx: ð59Þ
Consider the distributions on ðS1Þl given by
y0mðxÞ ¼ ymðx; 0Þ ¼
X
pAZl
e2piðmþkdpÞx; ð60Þ
and let Ik;d denote the ðd1?dlklÞ-dimensional subspace of ðCNððS1ÞlÞÞ0 generated
by these distributions with inner product ð; Þ for which the distributions in (60) form
an orthonormal basis. The distributions in Ik;d are linear combinations of Dirac
delta distributions supported on points arising from Bohr–Sommerfeld conditions
[Sn,Ty]. In fact,
dm0 ðxÞ ¼ d x 
 d

1m0
k
 
¼
X
0pmaokda
e
2pim
0d

1
k
my0mðxÞ: ð61Þ
The extension of the results of [FMN] to general polarizations can be sum-
marized in
Theorem 3.1. 1. The image under the CST C
TðOÞ
t¼1=k of Ik;d is the space Hk;O of all level
k theta functions on the abelian variety M with polarization given by d:
2. The function nTCt is, for t ¼ 1=k; the pull-back from M to ðCÞl of a hermitean
structure on Lk1 :
3. Consider on Hk;O the inner product induced by the CST transform
/y; y0S ¼
Z
½0;1l½0;1l
%yy0nTC1=kðZ; xÞ dZ dx: ð62Þ
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The CST transform of Definition 3.1 is, for t ¼ 1=k; a unitary transform between
ðIk;d;ð; ÞÞ and ðHk;O;/; SÞ:
Proof.
1. This follows immediately from the deﬁnition of Ik;d:
2. This means that v
TC
1
k
is the pull-back of a section of ðLk1# %Lk1Þ and so should
satisfy the quasi-periodicity conditions
nTC
1=kðz þ *bjÞ ¼ jeð *bj; zÞj
2n
TC
1=kðzÞ ¼ je
2pikzjdj
pikOjjd
2
j j
2nTC
1=kðzÞ; ð63Þ
which are easy to check by taking xj-xj þ 1 in expression (59).
3. This follows from a direct computationZ
½0;1l½0;1l
%ymym0n
TC
1=kðZ; xÞ dZ dx ¼ dmm0 ð2kÞl=2ðdetO2Þ1=2 detðdÞ

X
pAZl
Z
½0;1l
e
2pkðdxþ
1
k
ðmþkdpÞÞO2ðdxþ1kðmþkdpÞÞdx ¼ dmm0 ; ð64Þ
for all m; m0AZl=kðd1Z"?"dlZÞ: &
We end this section by noting that the ðd1?dlklÞ  ðd1?dlklÞ matrix
Am0m ¼ e
2pim
0d

1
k
m
 
in (61) satisﬁes %AtA ¼ d1?dlklI ; where I is the ðd1?dlklÞ-dimensional identity
matrix. This means that the distributions ð1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d1?dlkl
p
ÞdmðxÞ in (61) are
orthonormal in ðIk;d; ð; ÞÞ:
4. Vector bundles on elliptic curves
In this section we recall the existence of a moduli space Mn ¼MnðXtÞ;
parametrizing S-equivalence classes of semistable bundles of rank n and trivial
determinant over an elliptic curve Xt; tAT1: Non-abelian theta functions of genus
one are then deﬁned to be holomorphic sections of the line bundles over Mn: We
then deﬁne the Schottky map associated to a general complex linear group G and a
Riemann surface X ; compute it explicitly for the case G ¼ C; and relate it to a map
used in [FMN] to study abelian theta functions. We compute the Schottky map for
the group SLðn;CÞ over the elliptic curve Xt and use it in Section 5 to pull-back to
SLðn;CÞ sections of line bundles overMn and compare them to the CST considered
before. This will relate the CST for the elliptic curve Xt; in Deﬁnition 2.1, to non-
abelian theta functions of genus one.
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4.1. The moduli space of semistable vector bundles
Let X be a smooth complex projective algebraic curve of genus g: Here we will
consider holomorphic vector bundles over X ; which we will denote simply by the term
bundle. For details of the constructions and proofs of the results in this section, we
refer to [A,Tu].
To construct a moduli space for bundles over X one introduces the following
notions. A bundle E is called stable (resp. semistable) if for every proper subbundle
FCE we have mFomE (resp. mFpmE), where mE denotes the slope of a bundle E;
deﬁned by mE ¼ deg E=rkE: Two semistable bundles are called S-equivalent if their
associated graded bundles
GrðEÞ ¼Mm
i¼1
Ei=Ei
1
are isomorphic, where
0 ¼ E0CE1C?CEm ¼ E;
is the so-called Jordan–Holder ﬁltration in which the successive quotients Ei=Ei
1
are stable of the same slope and are uniquely deﬁned up to permutation. By the
theorem of Narasimhan and Seshadri [NS], the space of S-equivalence classes of
semistable bundles of rank n and trivial determinant has the structure of a projective
algebraic variety, which we denote here by MnðXÞ:
In the case when X ¼ Xt ¼ C=ðZ"tZÞ is an elliptic curve, and E has trivial
determinant, one can show that the Jordan–Holder quotients Li :¼ Ei=Ei
1 are line
bundles, necessarily of degree 0. Then E is S-equivalent to L1"?"Ln and
det E ¼ L1#?#Ln ¼ OXt ;
where OXt denotes the structure sheaf of Xt (corresponding to the trivial line bundle
on Xt). Let JðXtÞDXt be the Jacobian variety of Xt and M be the kernel of the
group homomorphism t : JðXtÞn-JðXtÞ given by the tensor product of line bundles.
Consider the following natural maps:
M  ker t -MnðXtÞ-SymnðJðXtÞÞ
ðL1;y; LnÞ/E /fL1;y; Lng; ð65Þ
where the last space is the symmetric product of the Jacobian. One can prove that the
second map is injective, and that the image of the composition is a projective space.
One has
Theorem 4.1 (Tu). For an elliptic curve Xt; the moduli space Mn ¼MnðXtÞ is
isomorphic to the complex projective space of dimension n 
 1;
MnDPn
1:
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Therefore, assuming nX2; the Picard group PicðMnÞ of isomorphism classes of line
bundles over Mn is isomorphic to Z; and letting LYDOð1Þ denote the ample generator,
we have
dim H0ðMn; LkYÞ ¼
n þ k 
 1
k
 
:
Although the analogous moduli spaces for higher genus curves do not admit such
a simple description, their Picard groups are all isomorphic to Z [DN]. In analogy
with this case, a non-abelian theta function (for genus 1) of level k is deﬁned to be a
section y of the line bundle LkY;
yAH0ðMn; LkYÞ:
4.2. The Schottky map
We now deﬁne the Schottky map for a complex linear subgroup G of GLðn;CÞ and
a general compact Riemann surface X of genus g: Let G be the sheaf of germs of
holomorphic functions from X to GLðn;CÞ: The inclusion G+G (where G is
identiﬁed with its constant sheaf on X ), deﬁnes a map
E : H1ðX ; GÞ-H1ðX ;GÞ; ð66Þ
that sends a ﬂat G-bundle into the corresponding (isomorphism class of)
holomorphic vector bundle of rank n over X (necessarily of degree 0).
There is a well-know bijection between the space of ﬂat G-bundles over X and the
space of G-representations of the fundamental group of X ; p1ðX Þ; modulo overall
conjugation Homðp1ðXÞ; GÞ=G; it is given explicitly by
V : Homðp1ðXÞ; GÞ=G-H1ðX ; GÞ; r/Vr :¼ X˜ r G; ð67Þ
where the notation means that p1ðXÞ acts diagonally through r on the trivial G-
bundle over the universal cover X˜ of X and Vr is the quotient with respect to that
action.
Let us ﬁx a canonical basis of p1ðX Þ: elements a1;y; ag; b1;y; bg that generate
p1ðX Þ; subject to the single relation
Qg
i¼1 aibia

1
i b

1
i ¼ 1: Let Fg be a free group
on g generators B1;y; Bg; and q : p1ðXÞ-Fg be the homomorphism given by
qðaiÞ ¼ 1; qðbiÞ ¼ Bi; i ¼ 1;y; g: Then we can form the exact sequence of
groups:
p1ðXÞ!q Fg-1; ð68Þ
which in turn deﬁnes the inclusion i :HomðFg; GÞ+Homðp1ðX Þ; GÞ:
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Deﬁnition 4.1. The Schottky map is the composition S ¼ E 3V 3 i;
GgDHomðFg; GÞ+
i
Homðp1ðX Þ; GÞ!V H1ðX ; GÞ!E H1ðX ;GÞ:
Intuitively, this map sends a g-tuple of n  n invertible matrices
ðN1;y; NgÞAGgCGLðn;CÞg to the ﬂat rank n holomorphic vector bundle
determined by the holonomies ð1;y; 1; N1;y; NgÞ around the loops
ða1;y; ag; b1;y; bgÞ; respectively. To have a good description of this map however,
we need to substitute the space of all isomorphism classes of vector bundles
H1ðX ;GÞ; by a nicer space such as the moduli spaces of semistable bundles of
Section 4.1. If rAHomðFg; UðnÞÞ and is irreducible, it is known that the Schottky
map is locally bi-holomorphic onto a neighborhood in the moduli space of
semistable bundles [Fl], however it is conjectured that its image is dense inMnðXÞ: In
Sections 4.3 and 4.4 we will consider two cases where this map can be given
explicitly.
4.3. The rank one Schottky map
In the case of line bundles the situation is simple, since the group GLð1;CÞ ¼ C is
an abelian group and the degree 0 line bundles in H1ðX ;OÞ form an abelian variety,
the Picard variety of X ;
Pic0ðX Þ ¼ H
1ðX ;OÞ
H1ðX ;ZÞD
H1ðX ;CÞ
H0ðX ; KX Þ"H1ðX ;ZÞ;
where KX is the canonical bundle on X : The last expression is obtained from the
short exact sequence (see [Gu])
0-C-O-KX-0: ð69Þ
Our choice of basis for p1ðXÞ induces an isomorphism H1ðX ;CÞD
Homðp1ðXÞ;CÞDC2g; and allows a very explicit description of the Schottky map
as follows:
S :HomðFg;CÞDðCÞg-Pic0ðXÞDC2gXH0ðX ; KX Þ"H1ðX ;ZÞ
ðe2piz1 ;y; e2pizgÞ/ ½ð0;y; 0; z1;y; zgÞ: ð70Þ
We can still be more concrete and at the same time relate the Schottky map with
the construction of [FMN], by using the Jacobian variety JðX Þ instead of the Picard
variety of X : By deﬁnition
JðXÞ ¼ H0ðX ; KX Þ=H1ðX ;ZÞDCg=ðZg"OZgÞ;
where the last expression arises from considering fa1;y; ag; b1;y; bgg as the basis
of the lattice H1ðX ;ZÞ and fa1;y; agg as the basis of the complex vector space
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H0ðX ; KX Þ; via the natural action of H1ðX ;ZÞ on H0ðX ; KX Þ: As is well
known, the Jacobian and Picard varieties of X are canonically isomorphic, as
follows. Let
P : H1ðX ;CÞDC2g-H1ðX ;OÞDCg
be any linear map with kernel equal to H0ðX ; KX Þ: Simple computations using (69),
show that P is represented by a g  2g matrix, also denoted P ¼ ½P1jP2; such that
P1 þP2O ¼ 0: The isomorphism between the Picard and Jacobian varieties of X is
then given by P2 : JðXÞ-Pic0ðXÞ; (see [Gu]), hence
H1ðX ;CÞ!P Pic0ðX Þ 	!P
12 JðXÞ
ðw; zÞ /P1w þP2z/
 Ow þ z: ð71Þ
Therefore, we obtain.
Theorem 4.2. With our choices of basis of H1ðX ;ZÞ and H0ðX ; KX Þ; we have
ðP
12 3 SÞðe2piz1 ;y; e2pizgÞ ¼ zðmod Zg"OZgÞ: ð72Þ
Proof. This follows immediately from the maps (70) and (71). &
Because of this result, the composition P
12 3 S : ðCÞg-JðX Þ; is independent of
the actual isomorphism between JðXÞ and Pic0ðX Þ; and will henceforth be called the
abelian Schottky map, and denoted by s: This map was used in [FMN], in order to
identify, via pull-back, classical theta functions with holomorphic functions on
ðCÞg: We will use it later to relate the CST for the elliptic curve Xt; in Deﬁnition 2.1,
to non-abelian theta functions of genus one.
4.4. The Schottky map for genus one
Let us now consider the Schottky map for the case of an elliptic curve
Xt ¼ C=ðZ"tZÞ; and for semistable bundles of rank n with trivial determinant
over Xt: This will be a map
S : SLðn;CÞ-MnDPn
1:
From geometric invariant theory (see [FKM,N]), we know that under the adjoint
action, SLðn;CÞ has a good quotient, which is a map SLðn;CÞ-TC=W ; where TC is
a maximal torus of SLðn;CÞ and W the Weyl group; this map sends a matrix to the
unordered set of its eigenvalues. Therefore SLðn;CÞ satisﬁes a universal property,
which in this case translates into the statement that the Schottky map factors
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through TC=W ; as in the following diagram:
SLðn;CÞ !Q TC=W
rS kf
Mn
We are therefore reduced to describing f : Let us ﬁx the following Cartan subalgebra
of slðn;CÞ:
h ¼ fAAslðn;CÞ : A is diagonalg;
and using the corresponding coroot lattice $LR; deﬁne M to be the abelian variety
M ¼ $LR#Xt ¼ $LR#ðC=Z"tZÞ ¼ h=ð $LR"t $LRÞ:
From the explicit form of h it is not difﬁcult to see that M is isomorphic to the kernel
of the map t : JðXtÞn-JðXtÞ; obtained by tensoring the entries, as in (65), with
explicit isomorphism as follows:
h=ð $LR"t $LRÞ-ker tCJðXtÞn
½ðz1;y; znÞ/ ðLz1 ;y; LznÞ;
where ziAC; z1 þ?þ zn ¼ 0; and Lz denotes the line bundle over Xt ¼ C=ðZ"tZÞ
corresponding to the divisor ½z 
 ½0: We will use these two different representations
interchangeably.
The Weyl group W acts naturally on M; via the usual action on $LR; and, as shown
in [FM,FMW,L,M], Mn is isomorphic to the l ¼ ðn 
 1Þ-dimensional complex
projective space PlðCÞ obtained as the quotient under this action,
MnDM=W :
In our case, this quotient is given explicitly by the map [Tu]
p : M-Mn
ðLz1 ;y; LznÞ/Lz1"?"Lzn : ð73Þ
Let now
s :C-JðXtÞDXt; e2piz/Lz
be the abelian Schottky map for genus one, where we identify, as usual, the elliptic
curve with its Jacobian. It is easy to see that we have the following commutative
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diagram, where the vertical arrows are inclusions:
h - TC 	!snjTC M
k k k
Cn - ðCÞn !s
n
JðXtÞn:
The map f is then the Weyl invariant restriction of sn to TC: More precisely,
Proposition 4.1. The following diagram is commutative
SLðn;CÞ !Q TC=W ’p TC + ðCÞn
Sr kf ksnjTC ksn
Mn ’
p
M + JðXtÞn
Proof. The commutativity of the right square is clear, so let us consider the middle
one. By the construction of the good quotient, f coincides with S when evaluated on
diagonal matrices
f 3 *pðw1;y; wnÞ ¼ f ðfw1;y; wngÞ ¼ Sðdiagðw1;y; wnÞÞ; wATC:
Since the diagonal matrices correspond to vector bundles which are direct sums of
line bundles of degree 0, we have
Sðdiagðw1;y; wnÞÞ ¼ sðw1Þ"?"sðwnÞ ¼ Lz1"?"Lzn ; ð74Þ
where e2pizj ¼ wj; j ¼ 1;y; n; and we identify once again Xt with JðXtÞ: Therefore,
by (73),
f 3 *pðw1;y; wnÞ ¼ pðLz1 ;y; LznÞ ¼ p 3 snðw1;y; wnÞ;
which proves the proposition. &
For the beneﬁt of the next section we write explicitly the map snjTC as
snjTC : h= $LRDTC-M ¼ h=ð $LR"t $LRÞ
v þ $LR/ v þ $LR þ t $LR: ð75Þ
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5. Non-abelian theta functions in genus one
5.1. The structure of non-abelian theta functions in genus one
Consider again our elliptic curve Xt ¼ C=ðZþ tZÞ and the moduli spaceMnðXtÞ
of semistable holomorphic vector bundles of rank n and trivial determinant over Xt:
We are therefore restricting ourselves in this and next subsection to the case when
K ¼ SUðnÞ; with the extra assumption that nX3: The case of SUð2Þ is special and
will be treated in Section 5.3. We expect form [L] that the case of general compact,
connected, simply connected semisimple group K can be treated by analogous
techniques. As above, let the Cartan subalgebra be h ¼ fAAslðn;CÞ : A is diagonalg;
and consider the abelian variety
M ¼ $LR#Xt ¼ h=ð $LR"t $LRÞ:
Let us start with the following result which is a consequence of [L],
Proposition 5.1. The space H0ðMnðXtÞ; LkYÞ of level k non-abelian theta functions on
the moduli space of semistable rank n holomorphic vector bundles with trivial
determinant, MnðXtÞ is naturally identified with the space Hþk;t of Weyl invariant
holomorphic functions on h satisfying the quasi-periodicity conditions
yðv þ $aþ t $bÞ ¼ e
2pikbðvÞ
pikt/b;bSyðvÞ; ð76Þ
i.e.,
H0ðMðXtÞ; LkYÞ!
BfyAHðhÞ; y satisfies ð76Þ; wy ¼ y; 8wAWg:
To prove this proposition we will need ﬁrst two lemmas. Since our aim is to
describe theta functions as AdSLðn;CÞ-invariant holomorphic functions on SLðn;CÞ it
will be useful to recall their deﬁnition as W -invariant sections of appropriate
holomorphic line bundles on M: Therefore, we apply the results of Section 3 to
the abelian variety M: All Weyl invariant anti-symmetric integral forms E on
L ¼ $LR"t $LR are integral multiples of the form E1 given by [L]
E1ð$a; t $bÞ ¼ /$a; $bS ¼ /a; bS
E1ð$a; $bÞ ¼ E1ðt$a; t $bÞ ¼ 0; 8a; bALR; ð77Þ
where, as in Section 2.2, $a; $b denote the coroots corresponding to a; bALR and recall
that /;S is the inner product on h for which the roots have squared length 2.
We are now interested in ﬁnding a classiﬁcation of line bundles on M which are
Weyl invariant. Recall that there exists a one to one correspondence between W -
invariant anti-symmetric integral bilinear forms on L which are compatible with the
complex structure, and elements of the lattice of integral symmetric bilinear forms on
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$LR; denoted by S2 $LR [L]. Consider the familiar exact sequence
0-Pic0ðMÞ-PicðMÞ!c1 H2ðM;ZÞ: ð78Þ
Lemma 5.1 (Looijenga [L]).3 Let nX3: For the abelian variety M ¼ Xt# $LR the
sequence (78) becomes
0-h=ðLW"tLW Þ-PicðMÞ-S2 $LR-0; ð79Þ
for which the Weyl invariant part is
0-0-PicðMÞW-ðS2 $LRÞW-0: ð80Þ
Proof. We only show that Pic0ðMÞW ¼ 0 since this is the only difference with
respect to [L]. The automorphy factors of the line bundle corresponding to xAh;
with x ¼ x1 þ tx2 and x1; x2ALR#R ¼ hR are given by
eð$aþ t $bÞ ¼ e2piðx1ð$aÞþx2ð $bÞÞ; $a; $bA $LR: ð81Þ
So, x leads to a Weyl invariant point in Pic0ðMÞ if and only if for all the elementary
Weyl reﬂections wj one has
x 
 wjðxÞ ¼ /aj; xSajALW"tLW : ð82Þ
From the Cartan matrix for the algebras Al for lX2 we conclude that this implies
that /aj; xSAZ"tZ; for all simple roots aj ; and therefore xALW"tLW and leads
to the trivial line bundle 0APic0ðMÞ: &
Since all symmetric Weyl invariant integral bilinear forms on $LR are integral
multiples of /;S; we see from (80) that PicðMÞW is inﬁnite cyclic, i.e. there is a Weyl
invariant line bundle L1-M (this corresponds to the line bundle L1 of Section 3)
such that
PicðMÞW ¼ fLk1 ; kAZg: ð83Þ
Recall that we have the projection p : M-MnðXtÞ; and let LY be the theta bundle
overMnðXtÞ; as in Section 4. From Theorem 3.4 of [L], we conclude that pLkYDLk1 :
More precisely, we have
Lemma 5.2. Let p :M-M=WDPn
1 be the canonical projection and L ¼ pLY:
Then L ¼ L1; for nX3:
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Proof. Since L is a W -invariant line bundle on M; its polarization E ¼ 
Im H
is a multiple of E1; which means that L ¼ Lp1; for some pAZ; pX1: It is shown
in [L] that
H0ðM; L1ÞWDCn;
and that dim H0ðLm1 ÞW4n for m41: Since LYDOð1Þ we have n ¼ h0ðPn
1; LYÞ ¼
dim H0ðL1ÞW which implies L ¼ L1: &
Proof of Proposition 5.1. In the notation of Section 3 we have that L1 ¼ $LR; L2 ¼
t $LR and #L ¼ $LW"t $LW : The form F (40) on V  V2 is given by
Fð:; :Þ ¼ 
t
1/:; :S: ð84Þ
The space of theta functions H0ðM; Lk1Þ is then isomorphic to a subspace of the space
of holomorphic functions on h= $LRDðCÞlDTC; satisfying the quasi-periodicity
conditions (54), with a basis fyg;kggALW =kLR given by (see (45)),
yg;kðvÞ ¼
X
aALR
epikt/aþ
g
k
;aþg
k
Sþ2pikðaþg
k
ÞðvÞ; vAh: ð85Þ
The pull-back under p 3 snjTC (see (75)) of H0ðMnðXtÞ; LkYÞ to h= $LR; corresponds
to the space Hþk;t of Weyl invariant linear combinations of elements of the
form (85). &
As shown in Section 3, these functions are the image under an abelian CST of
certain distributions in Uð1Þl : In order to apply Theorem 3.1 to (85), we show in the
appendix that the basis of simple coroots $ai; for i ¼ 1;y; l cannot be completed to a
canonical basis of L1"L2 ¼ $LR"t $LR so that we are in the situation described in
(49)–(54). The role of g0iþl is being played by t$li; where $li are the fundamental
coweights. The matrix *O is then given by *O ¼ tC
1 where C
1 is the inverse Cartan
matrix and R ¼ C (see (49)).
The spaces of level k non-abelian theta functions Hþk;t are the ﬁbers of
a vector bundle over the Teichmu¨ller space of genus one curves (called
the bundle of genus one, level k; SUðnÞ conformal blocks in conformal ﬁeld
theory)
Hk-T1 ¼ ftAC : Im t ¼ t240g ¼ H1;
Hkjt
¼Hþk;t: ð86Þ
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From (85) we see that, for every t; a basis ofHþk;t is given by Weyl invariant theta
functions of the form
yþg;k ¼
X
wAW
ywðgÞ;k; gALW=ðW x kLRÞ; ð87Þ
where W x kLR denotes the semidirect product of W and kLR:
Taking into account the t dependence, fyþg;kg deﬁnes a global moving frame of
sections of Hk-T1 and therefore ﬁxes a trivialization of the bundle of conformal
blocks. A different trivialization is obtained as follows. Let H
k;t be the space of
Weyl anti-invariant theta functions of level k with basis given by
y
g;k ¼
X
wAW
eðwÞywðgÞ;k; gALW=ðW x kLRÞ: ð88Þ
Notice that y
g;k ¼ 0 if g is singular, i.e. if /g; aiS ¼ 0 for some simple root ai: A non-
singular dominant weight gALþW can always be written in the form g ¼ g0 þ r with g0
being a, possibly singular, dominant weight.
Recall the following.
Theorem 5.1 (Looijenga [L]). ðaÞ The space of Weyl anti-invariant theta functions of
level n; H
n;t is one-dimensional and H


n;t ¼ /y
r;nSC:
ðbÞ The map
Hþk;t-H


kþn;t
yþ/ y
 ¼ y
r;nyþ; ð89Þ
is an isomorphism between the space of level k Weyl invariant theta functions and the
space H
kþn;t of Weyl anti-invariant theta functions of level k þ n:
Let Dk be the set of integrable representations of level k of the Kac–Moody
algebra dslðn;CÞk; Dk ¼ flALþW j/l; #aSpkgDLW=ðW x kLRÞ; where #a ¼ a1 þ?þ
an
1 is the highest root for slðn;CÞ: The previous theorem leads to a basis of Hþk;t;
different from (87), given by
#yþg;k ¼
y
gþr;kþn
y
r;n
; gADk: ð90Þ
As we will see in the next subsection from the point of view of the heat equation the
trivialization of the bundle of conformal blocks corresponding to (90) is more
convenient than the one corresponding to (87).
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5.2. CST and non-abelian theta functions in genus one
We now continue to follow the strategy indicated in the introduction. As
we mentioned before, by extending the SUðnÞ-CST Ctt of Deﬁnition 2.1 to
distributions we of course lose unitarity. From Propositions 2.3 and 2.4 it follows
that the image under Ctt of a distribution on SUðnÞ with inﬁnite L2 norm is a
holomorphic function on SLðn;CÞ with inﬁnite norm with respect to the heat kernel
measure dntt2 :
Consider again the projection
Q : SLðn;CÞ-TC=WDh=ðW x $LRÞDSLðn;CÞ=AdSLðn;CÞ
of Section 4.4. In order to recover unitarity we will, for every t; restrict integration
on SLðn;CÞ to the region Q
1ð½h0Þ with h0Ch a fundamental domain with respect to
the group W x ð $LR"t $LRÞ and ½h0 ¼ Wh0 þ $LR: Of course this will be meaningful
only for those holomorphic functions on SLðn;CÞ for which the integral will not
depend on the choice of h0: As we will see, this simple condition gives a precise
analytic characterization of the pull-back of non-abelian theta functions to SLðn;CÞ
with respect to the Schottky map S (Theorems 5.2 and 5.3). The relation between the
heat kernel measures dntt2 on SLðn;CÞ and dnTCtt2 on TC is given by
Proposition 5.2. The push-forward of the measure dntt2 on SLðn;CÞ with respect to the
projection Q is given by
Qdntt2 ¼ e
2tpt2jjrjj
2 jsCj2dnTCtt2 ; ð91Þ
where on the right-hand side we denote the restriction of dnTCtt2 to a fundamental domain
of W x $LR in h; by the same symbol.
Proof. This is essentially a restatement of Theorem 2.3 with t replaced by tt2: &
Let us state the main results of the present section (Theorems 5.2, 5.3 and 5.4)
which will be proved in the end of the section. We will use the same notation for
ðW x $LRÞ-invariant functions on h; the corresponding Ad-invariant functions on
SLðn;CÞ and also their restrictions to TC:
Theorem 5.2. The sets of distributions on SUðnÞ;
F ¼fcAðCNðSUðnÞÞ0ÞAdSUðnÞ : jCtt ðcÞj2jsCj2nTCtt2 ;
is t $LR invariant as a function on hg: ð92Þ
are non-trivial ðf0gD!FÞ if and only if t ¼ 1
kþn with kAN,f0g: For t ¼ 1kþn; these are
t-independent finite-dimensional subspaces Fk of ðCNðSUðnÞÞ0ÞAdSUðnÞ with dimensions
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given by the Verlinde numbers
dimFk ¼ dimH
kþn;t ¼
n þ k 
 1
k
 
ð93Þ
and have basis formed by
cg;kðvÞ ¼
1
s
X
wAW
eðwÞy0gþr;kþnðwðvÞÞ; vAhR; ð94Þ
where g ¼ 0 if k ¼ 0 and gALW=ðW x kLRÞ if k40 and
y0gþr;kþnðvÞ ¼
X
aALR
e2piðgþrþðkþnÞaÞðvÞ: ð95Þ
In terms of characters of irreducible representations of SUðnÞ; the distributions
cg;k; gADk ¼ flALþW j/l; #aSpkgDLW=ðW x kLRÞ; where #a is the highest root for
slðn;CÞ; have the form
cg;k ¼
X
lALþ
W
lþrA½gþr
elwl; ð96Þ
where ½gþ r is the ðW x ðk þ nÞLRÞ-orbit of ðgþ rÞ and el ¼ eðwÞ for the unique
wAW such that lþ r ¼ wðgþ rÞmodðk þ nÞLR: This follows from the Weyl
character formula (18) and the fact that the group W x ðk þ nÞLR acts freely on the
set of dilated Weyl alcoves [Ber,Fr,PS].
For C and C0 Ad-invariant holomorphic functions on SLðn;CÞ; and for a choice
of a fundamental domain h0Ch of the group W x ð $LR"t $LRÞ; deﬁne the modiﬁed
Hall inner product as
//C;C0SS :¼
Z
Q
1ð½h0Þ
%CC0dntt2 ¼
Z
h0
%CC0e
2tpt2jjrjj
2 jsCj2dnTCtt2 ; ð97Þ
where ½h0 ¼ Wh0 þ $LR:
We now consider the images of the spaces Fk under the CST. We will see that,
remarkably, any two distributions c;c0AFk in Theorem 5.2 lead to functions
Ctt ðcÞsC such that //Ctt ðcÞ; Ctt ðc0ÞSS is independent of t: These functions are
automatically the pull-backs to h= $LR of holomorphic sections of line bundles over
h=ð $LR"t $LRÞ:
Let *Hk;t be the image of Fk under C
t
t¼1=ðkþnÞ;
*Hk;t ¼ Ctt¼1=ðkþnÞðFkÞ: ð98Þ
ARTICLE IN PRESS
C.A. Florentino et al. / Journal of Functional Analysis 204 (2003) 355–398386
On *Hk;t we have the hermitean inner product //:; :SS (97) induced by the Hall
CST inner product. On the other hand, the hermitean structure onHk in (86), which
is of interest in Conformal Field Theory, is [AdPW]
/yþ; yþ
0
S ¼ 1jW j
Z
M
yþyþ
0 jy
r;nj2 dnTCt2=ðkþnÞ; ð99Þ
for yþ; yþ
0
AHþk;t:
We then have,
Theorem 5.3. The family f *Hk;tgtAT1 in (98) forms a vector bundle over T1
isomorphic to the bundle of conformal blocks Hk-T1 (86) with isomorphism given by
Fk : *Hk-Hk in (2).
The hermitean structure defined by (97), with t ¼ 1=ðk þ nÞ; does not depend on h0
and the map Fk is a unitary isomorphism of vector bundles.
Remark 5.1. Since the functions jCtt ðcÞj2jsCj2nTCtt2 in (92) are automatically W x $LR
invariant, being also t $LR invariant means that they are the pull-back of functions on
Mn ¼ h=ðW x ð $LR"t $LRÞÞ:
Finally, we recover the unitarity of the CST with
Theorem 5.4. With respect to the t-independent inner product ð; Þ on Fk; for
which the basis fcg;kg in (94) and (96) is orthonormal, and the inner product (97)
the CST
Ctt¼1=ðkþnÞ : ðFk; ð; ÞÞ-ð *Hk;t;//; SSÞ
is a unitary isomorphism 8tAT1 and kAN0:
We know from Lemma 4.2 of [FMN] and Section 3 above that if t ¼ 1=k
with kAN then nTCtt2 deﬁnes an hermitean structure on L
k
1 : We then have the
following result,
Lemma 5.3. For ta1=k0 with k0AN; the sets F in (92) are trivial.
Proof. The key observation is that nTCtt2 satisﬁes the quasi-periodicity conditions
nTCtt2 ðv þ $aÞ ¼ n
TC
tt2 ðvÞ;
nTCtt2 ðv þ t$aÞ ¼ je2pi
1
t
aðvÞj2 jepi1tt/a;aSj2nTCtt2 ðvÞ; for all $aA $LR; ð100Þ
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which follow from (17). On the other hand, from Corollary 2.3 Ctt ðcÞsC is a
holomorphic function on h T1 and veriﬁes
ðCtt ðcÞsCÞðv þ $aÞ ¼ ðCtt ðcÞsCÞðvÞ; ð101Þ
for all $aA $LR and for all cAðCNðSUðnÞÞ0ÞAdSUðnÞ :
If the function jCtt ðcÞj2 jsCj2nTCtt2 is ð $LR"t $LRÞ-invariant then from (100) and the
holomorphicity in h T1 it follows that Ctt ðcÞsC must also satisfy the following
quasi-periodicity conditions
ðCtt ðcÞsCÞðv þ t$aÞ ¼ e
2pi/d;aSe
2pi
1
t
aðvÞe
pi
1
t
t/a;aSðCtt ðcÞsCÞðvÞ; ð102Þ
where dAhR: Non-zero holomorphic functions satisfying (101) and (102) do not exist
if 1=teN: This results from the fact that if 1=teN then the automorphy factors
in (102) are not invariant under v/v þ $b; $bA $LR; which makes it impossible to solve
(101) and (102). &
Note that functions satisfying (101) and (102) with t ¼ 1=k0 are level k0 theta
functions with automorphy factors (compare with (54) and (76))
eð$aþ t$a0; vÞ ¼ e
2pik0a0ðvÞ
pik0t/a0;a0S
2pi/d;a0S: ð103Þ
To prove Theorem 5.2, let us now ﬁnd the non-trivial set of distributions in Fk:
Since sC is W -anti-invariant and Ct1=k0 ðcÞ is W -invariant, we conclude that the
functions Ct1=k0 ðcÞsC satisfying (101) and (102) are W -anti-invariant. As in the
proof of Lemma 5.1, this implies that d in (103) belongs to LW : Therefore, we can
take d ¼ 0:
Proof of Theorem 5.2. From Lemma 5.3 we can consider 1=tAN: On the other hand,
from Theorem 5.1 it follows that non-zero W -anti-invariant theta functions exist
only for level k0Xn: So if 0acAðCNðSUðnÞÞ0ÞAdSUðnÞ satisﬁes condition (92) then
t ¼ 1=ðk þ nÞ; kX0 and jC 3Ct1=ðkþnÞðcÞ (see (36)) is a Weyl anti-invariant theta
function of level k þ n: Conversely, from Theorems 2.4 and 3.1 it follows that every
Weyl anti-invariant theta function yAH
kþn;t is the image under jC 3C
t
1=ðkþnÞ of a
unique AdSUðnÞ-invariant distribution from Fk: It is easy to check that the inverse
images with respect to the map jC 3C
t
1=ðkþnÞ of the theta functions y


g;k in (88) are
given by the distributions
ﬃﬃﬃﬃﬃﬃﬃﬃjW jp cg;k in the theorem. The t-independence of Fk
follows from (94). &
Proof of Theorem 5.3. We have shown in Theorem 5.2 that the restriction of
jC 3C
t
1=ðkþnÞ to FkCðCNðSUðnÞÞ0ÞAdSUðnÞ is an isomorphism to H
kþn;t: From
Theorem 5.1 it then follows that the bundle of conformal blocks Hk-T1 in (86)
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is isomorphic to the bundle
*Hk ¼ f *Hk;tgtAT1-T1 ð104Þ
with simple isomorphism Fk given by (2).
Identities (100)–(102) imply that the hermitean structure (97) does not depend
on h0: From Theorems 3.1 and 5.1 it follows that (99) deﬁnes a shifted hermitean
structure on Hk for which the frame
#yþg;k ¼
y
gþr;kþn
y
r;n
( )
is orthonormal. (Notice that the same is not true for the ‘‘unshifted’’ frame fyþg;kg:)
We see from formula (97) that with these hermitean structures on *Hk and Hk the
isomorphism Fk in (2) is unitary. &
Proof of Theorem 5.4. From Theorem 2.4 we see that
Ct1=ðkþnÞðcg;kÞ ¼
e

 ipt
kþnjjrjj
2
sC
y
gþr;kþn: ð105Þ
Unitarity then follows from (97) and Theorem 3.1. &
In terms of characters of SUðnÞ; from (31), (96) and (105) we obtain
Ct1=ðkþnÞðcg;kÞ ¼
X
lALþ
W
lþrA½gþr
ele
ipt
kþnclwl: ð106Þ
5.3. The case of SUð2Þ
Somewhat surprisingly, the case of K ¼ SUð2Þ is special for several reasons. To
begin with, the Weyl invariant anti-symmetric integral bilinear forms on
L ¼ $LR"t $LR ¼ Z$a1"tZ$a1
are integral multiples of E1; where E1ð$a1; t$a1Þ ¼ 12/a1; a1S ¼ 1 which is different
from (77) by a factor of 1/2. The form F is now given by Fð:; :Þ ¼ 
1
2
t
1/; S: As in
(41) this deﬁnes the line bundles Lk1 on the abelian variety M ¼ Xt# $LR ¼
C$a1=ðZ$a1"tZ$a1ÞDXt; C$a1 ¼ h:
The space of theta functions H0ðM; Lk1Þ is isomorphic to a subspace of the
space of holomorphic functions on h= $LRDCDTC with a basis fyg;kggALW =ðk=2ÞLR
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given by (see (45)),
yg;kðvÞ ¼
X
aALR
epikt
1
2
/2
k
gþa;2
k
gþaSþpikð2
k
gþaÞðvÞ; ð107Þ
or in more explicit classical notation, g ¼ ml1 ¼ ðm=2Þa1; v ¼ z$a1 and a ¼ p$a1;
yg;kðvÞ ¼ ym;kðzÞ ¼
X
pAZ
epi
t
k
ðmþkpÞ2þ2piðmþkpÞz; ð108Þ
with 0pmok; mAN: In this case we have ðS2 $LRÞW ¼ S2 $LR and
Proposition 5.3 (Looijenga [L]). The Weyl invariant part of the sequence (79) is
0-½1=2ðLW"tLW Þ=ðLW"tLW Þ-ðPicðMÞÞW-S2 $LR-0: ð109Þ
Proof. As in Lemma 5.1 it sufﬁces to determine Pic0ðMÞW : The condition (82) has a
solution if and only if x ¼ ðm1 þ tm2Þa1=4; m1; m2AZ: Therefore,
ðPic0ðMÞÞWD½1=2ðLW"tLW Þ=ðLW"tLW ÞDZ2"Z2: &
The second main difference is that, in contrast with Lemma 5.2, not all line
bundles in PicðMÞW are the pull-backs of line bundles on M2ðXtÞ: Denote line
bundles in ðPic0ðMÞÞW by NZ; ZA½1=2ðLW"tLW Þ=ðLW"tLW Þ and let L1 be the
line bundle on M with automorphy factors deﬁned by the form F above,
eð$aþ t $b; vÞ ¼ e
pibðvÞ
12pit/b;bS: ð110Þ
We see from (109) that
ðPicðMÞÞW ¼ fNZ#Lk1 ; kAZ; ZA½1=2ðLW"tLW Þ=ðLW"tLW Þg: ð111Þ
Lemma 5.4. Let p : M-M=WDM2ðXtÞDP1 be the canonical projection and L ¼
pLY: Then LDL21:
Proof. In this case, MDXt and the map p : M-M2 becomes the two-fold ramiﬁed
covering of P1; Xt-Xt=Z2DP1: The pull-back to Xt of the kth power of the theta
bundle, OðkÞ-M2; will be a line bundle of degree 2k: On the other hand, p
1ð½pðð12þ
t1
2
Þ$a1ÞÞ ¼ 2½ð12þ t12Þ$a1 as an element in DivðXtÞ and therefore pOð1ÞDL21; since the
zero of the Riemann theta function (k ¼ 1; m ¼ 0 in (108)) is ð1=2þ 1=2tÞ$a1: &
As a consequence of the above results, we obtain as the third signiﬁcative
difference with the case nX3; the fact that the CST applied to the spaces Fk as
deﬁned in Theorem 5.2 leads not only to non-abelian theta functions onM2ðXtÞ; but
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also to Weyl invariant theta functions on M which do not descend to sections of
bundles on the moduli space. We have in place of Lemma 5.3
Lemma 5.5. The spaces Fk for SUð2Þ are trivial if ta2=k0 with k0AN:
Proof. This follows immediately from the proof of Lemma 5.3 and from
/a1; a1S ¼ 2: &
From (102), (110) and (111) we see that the possible automorphy factors of the
functions Ct2=k0 ðcÞs for distributions satisfying (92) are
eðaþ ta0; vÞ ¼ e
pik0a0ðvÞ
pit k
0
2
/a0;a0S
2pi/d;a0S; ð112Þ
with d ¼ 0 or d ¼ ð1=2Þl1 ¼ ð1=4Þa1:
Functions yð1=2Þ with automorphy factors corresponding to d ¼ ð1=2Þl1 in (112)
can be obtained from those with d ¼ 0 through a translation of Lk01 by Nðtl1=2Þ;
yðvÞ/yð1=2ÞðvÞ ¼ yðv þ l1=k0Þ: ð113Þ
A basis for H0ðM; Nðtl1=2Þ#Lk
0
1 Þ is then given by
yð1=2Þ
m;k0 ðzÞ ¼
X
pAZ
ð
1Þpepi tk0ðmþk0pÞ2þ2piðmþk0pÞz; ð114Þ
for m ¼ 0;y; k0 
 1: The action of the Weyl group WDZ2 is yðvÞ/yð
vÞ on the
elements of the basis in (108) and (114) is
ym;k0 ð
zÞ ¼ yk0
m;k0 ðzÞ;
yð1=2Þ
m;k0 ð
zÞ ¼ y
ð1=2Þ
k0
m;k0 ðzÞ: ð115Þ
LetHþk0;t andH


k0;t be the spaces of, respectively, Weyl invariant and anti-invariant
sections of Lk
0
1 : We have the following.
Lemma 5.6. 1. If k0 ¼ 2k; with kAN; then Hþ2k;t has dimension k þ 1 and is generated
by fy0;2k; yk;2k; yj;2k þ y2k
j;2k; j ¼ 1;y; k 
 1g: The space H
2k;t has dimension k 
 1
and a basis is formed by fyj;2k 
 y2k
j;2k; j ¼ 1;y; k 
 1g:
2. If k0 ¼ 2k þ 1; with kAN; then Hþ2kþ1;t has dimension k þ 1 and is generated by
fy0;2kþ1; yj;2kþ1 þ y2kþ1
j;2kþ1; j ¼ 1;y; kg:
The space H
2kþ1;t has dimension k and a basis is formed by fyj;2kþ1 

y2kþ1
j;2kþ1; j ¼ 1;y; kg:
Proof. The result follows immediately from (114). &
ARTICLE IN PRESS
C.A. Florentino et al. / Journal of Functional Analysis 204 (2003) 355–398 391
The corresponding similar result holds for the decomposition of
H0ðM; Nðtl1=2Þ#Lk
0
1 Þ under the action of the Weyl group. The analog of
Theorem 5.1 becomes,
Corollary 5.1. ðaÞ The space H
4;t of Weyl anti-invariant sections of L41 is one-
dimensional and H
4;t ¼ /y
4 SC; where y
4 ¼ y1;4 
 y3;4:
ðbÞ The map
Hþ2k;t-H


2kþ4;t
yþ/ y
 ¼ y
4 yþ; ð116Þ
is an isomorphism between the space of Weyl invariant sections of L2k1 and the space of
Weyl anti-invariant sections of L2kþ41 :
Proof. This is an immediate consequence of the previous lemma. &
Again, the corresponding result holds if we replace L2k1 by Nðtl1=2Þ#L
2k
1 : We note
that the spaceH
3;t is also one dimensional and also provides an isomorphism from
Hþ2k;t to H


2kþ3;t; which are both of dimension k þ 1:
Consider the distributions on SUð2Þ deﬁned by
y0m;k0 ðxÞ ¼
X
pAZ
e2piðmþk
0pÞx;
yð1=2Þ0
m;k0 ðxÞ ¼
X
pAZ
ð
1Þpe2piðmþk0pÞx; ð117Þ
for m ¼ 0;y; k0 
 1: We then have,
Theorem 5.5. The set F in (92) is non-trivial if and only if t ¼ 2=k0; where k0 is of the
form k0 ¼ 2k þ 3 or k0 ¼ 2k þ 4 with kAN0: For every such k0; the set Fk of
distributions satisfying (92) is the union of two subspaces F
ð0Þ
k and F
ð1=2Þ
k intersecting
only in 0 and with dimensions equal to k þ 1: A basis for Fð0Þk is formed by
cm;kðvÞ ¼
1
s
X
wAW
eðwÞy0mþ1;k0 ðwðvÞÞ; ð118Þ
with m ¼ 0;y; k: A basis for Fð1=2Þk is formed by distributions with identical
expressions, only with yð1=2Þ0
mþ1;k0 replacing y
0
mþ1;k0 :
Proof. Follows immediately from the proof of Theorem 5.2, with obvious changes
coming from Lemmas 5.4–5.6. &
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When k0 ¼ 2k þ 4 the image ofFð0Þk under the CST Ctt¼2=ð2kþ4Þ; for tAT1; gives a
vector bundle *Hk-T1; which is isomorphic to the bundle of conformal blocks. The
analogs of Theorems 5.3 and 5.4 now follow from Corollary 5.1 by adapting the
proofs of Theorems 5.3 and 5.4.
The image under the CST of the space of distributions F
ð1=2Þ
k ; does not lead to
pull-backs of holomorphic sections of line bundles on M2ðXtÞ: Similarly, when
k0 ¼ 2k þ 3; the image by the CST of the space Fk leads to holomorphic functions
on SLðn;CÞ which are W x ð $LR"t $LRÞ invariant but which, nevertheless, descend to
M2ðXtÞ only as sections of orbifold line bundles.
Therefore, while in the case of MnðXtÞ for nX3 the CST led automatically to
non-abelian theta functions, for SUð2Þ this happens only for a subset of the
solutions of (92).
6. General comments and conclusions
The vector bundle of conformal blocksHk has been the subject of much interest.
In [AdPW], Chern–Simons topological quantum ﬁeld theory was analysed from the
point of view of geometric quantization of inﬁnite-dimensional afﬁne spaces of
connections. In that context, Hk is endowed with a hermitian structure (see
Eq. (5.49) in [AdPW]) which coincides with the one described in Section 5. In that
case, the shift in the level k-k þ n which gives rise to the correct unitary structure
onHk; comes from (not fully rigorous) Feynman path integral calculations, leading
to regularized determinants of Laplace operators on adjoint bundles. On the other
hand, in the present work the shift follows naturally from the generalized CST and
the Schottky map. In fact, the consideration of class functions or distributions on K ;
and the factor of s in the Weyl integration formula, lead to Weyl anti-invariance and
ultimately to the hermitean structure (97) or equivalently (99). This is the same
hermitean structure obtained in [AdPW] and, as noted already, is different from the,
a priori, most natural one, for which the frame yþg;k in (87) would be orthonormal.
The present work then provides a ﬁnite-dimensional framework for explaining the
shift in the level.
The CST (extended to ðCNðSUðnÞÞÞ0 and restricted to Fk) induces a parallel
transport on the bundle Hk which coincides with the one associated to the
Knizhnik–Zamolodchikov–Bernard [Ber,KZ] connection introduced in Wess–
Zumino–Witten conformal ﬁeld theories [Wi1,Wi2] or also the connection
considered in the context of Chern–Simons theories [AdPW,FG,G,Hi].
We believe that our results also contribute to clarifying the relations between the
heat equation on the compact group K and the representations of the loop group
LK ; a point raised in [PS, p. 286]. The genus 1 non-abelian theta functions appear in
the Weyl–Kac character formula for the afﬁne algebra dLieðLKÞ; and as we have seen
these theta functions, including the unitary structure, can be naturally studied with
CST techniques.
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Similar techniques are also useful for the (much harder) study of non-abelian theta
functions for curves of genus greater than 1 [FMNT]. We note that in the present
work and also in the case of classical (abelian) theta functions [FMN], the choice of
distributions to which the CST should be applied to produce non-abelian theta
functions is dictated by naturality conditions related to the unitarity of the extended
CST. Alternatively, in both cases the same distributions can be determined by
Bohr–Sommerfeld conditions in geometric quantization [Ty]. In fact, the distribu-
tions in (94) are combinations of Dirac delta distributions supported on
Bohr–Sommerfeld points. This should be related to the work of [We]. We expect
that this continues to be true in the higher genus non-abelian case as well.
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Appendix
In this appendix, for convenience of the reader, we obtain explicit expressions for
the canonical bases of $LR"t $LR with respect to the form E1 in (77), for the case of
the Lie algebra slðn;CÞ: We also write down the corresponding period matrices.
We start with a lemma valid for a simple Lie algebra g; of rank l: To simplify the
notation, instead of the coroot lattice, we will work with the root lattice LRCh: Let
E be the anti-symmetric Z-bilinear form on LR"tLR given by
Eðai; ajÞ ¼ Eðtai; tajÞ ¼ 0; Eðai; tajÞ ¼ 
Eðtaj ; aiÞ ¼ Cij ;
where C ¼ ½Cij is the Cartan matrix of g: Recall that a canonical basis
ðb1;y; bl ; *b1;y; *blÞ of LR"tLR with respect to E satisﬁes by deﬁnition
Eðbi; bjÞ ¼ Eð *bi; *bjÞ ¼ 0; Eðbi; *bjÞ ¼ 
Eð *bi; bjÞ ¼ didij;
where d1j?jdl are integers, with d1?dl ¼ det C:
To ﬁnd such a canonical basis , let us write the (ordered) basis of simple roots in
LR as a row vector a ¼ ða1;y; alÞ: In particular, any other basis b ¼ ðb1;y; blÞ can
be written as b ¼ aA for some integer matrix A with unit determinant. In this
notation, it is easy to see that the pair ðb; *bÞ forms a canonical basis of LR"tLR if
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and only if there are matrices A; A˜ASLðl;ZÞ such that
AtCA˜ ¼ D; ðÞ
where D ¼ diagðd1;y; dnÞ; and At denotes the transpose of A: In fact, the bases are
related by b ¼ aA and *b ¼ taA˜:
The solutions of () can be naturally identiﬁed with bases of LW ; the weight
lattice. More precisely, let us say that a basis b of LR is completable if there exists a
basis ðb; *bÞ of LR"tLR; which is canonical with respect to E; or equivalently, if
there exists a solution of () with b ¼ aA: Then, we have
Lemma A.1. b is completable if and only if bD
1 is a basis of LW :
Proof. Let b ¼ aA and AtCA˜ ¼ D for some matrices A; A˜ASLðl;ZÞ: Since the
relation between roots and weights is given by a ¼ lC; we have
bD
1 ¼ aAD
1 ¼ lCAD
1;
which means that bD
1 is a basis of LW ; because CAD
1 ¼ ðA˜tÞ
1 is a unimodular
matrix. &
Now let us consider the case of slðn;CÞ; where the simple roots fa1;y; alg form a
basis of LR; n ¼ l þ 1: From the above lemma, we see that a is not a completable basis
of LR; except when l ¼ 1 (in which case ða; taÞ is clearly a canonical basis of LR"tLR).
We assume henceforth that lX2; and let us consider a slightly different basis
b ¼ ðb1;y; blÞ :¼ ða1;y; al
1; nl1Þ;
where l1 is the fundamental weight dual to a1: Since nl1 ¼ la1 þ ðl 
 1Þa2 þ?þ al ;
then b ¼ aA for a unimodular matrix A; which means that b is another basis of LR: To
prove that this b is indeed completable, consider d1 ¼? ¼ dl
1 ¼ 1 and dl ¼ n; and
write bD
1 ¼ ða1;y; al
1; l1Þ; this implies that the matrix relating l to bD
1 is an
integer matrix; since this matrix is CAD
1 (from the lemma), it has determinant one,
which proves that bD
1 is a basis of LW : (Note that det C ¼ det D ¼ n).
Simple calculations now give the following explicit expressions. Recall that the
period matrix O is deﬁned by *b ¼ bOD:
Proposition A.1. For lX2; a canonical basis of LR"tLR with respect to E is
ðb1;y; bl ; *b1;y; *blÞ; where
bi ¼ ai; i ¼ 1;y; l 
 1;
bl ¼ nl1 ¼ la1 þ ðl 
 1Þa2 þ?þ al
*bi ¼ tli 
 ðn 
 iÞtll ; i ¼ 1;y; l 
 1;
*bl ¼ ntll :
8>><>>:
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The period matrix is then given by
Oi;iþk ¼ Oiþk;i ¼ tðn 
 iÞðl 
 i 
 kÞ; i þ kpl 
 1;
Oi;l ¼ tði 
 lÞ; ipl 
 1;
Ol;l ¼ t ln:
8><>:
Proof. We have veriﬁed the formula for b; and the one for *b ¼ ð *b1;y; *blÞ is a direct
calculation from *b ¼ taA˜ ¼ tlðAtÞ
1D (using ()). Since we also have *b ¼ taA˜ ¼
tbA
1A˜; we get
O ¼ tA
1A˜D
1 ¼ tA
1C
1ðAtÞ
1;
which readily gives the above expression for the period matrix (note that all its
entries have to lie in t
n
Z). &
Let us now examine the other possible canonical bases, i.e. all the solutions to ().
If the pairs ðA1; A˜1Þ and ðA2; A˜2Þ are both solutions of (), with A2 ¼ A1B; and
A˜2 ¼ A˜1B˜; for some unimodular matrices B and B˜; then necessarily
BtDB˜ ¼ D: ðÞ
It is not difﬁcult to see that the set of matrices B such that there exists B˜ satisfying
() form a group, and that this is the subgroup GnCSLðl;ZÞ of modular matrices of
the form
B ¼ a b
c d
 
;
where a is an ðl 
 1Þ  ðl 
 1Þ matrix, d is an integer, b and ct are ðl 
 1Þ-vectors and
bAnZl
1 (all entries in b are multiples of n). Finally, if Oi are period matrices given by
Oi ¼ tA
1i C
1ðAtiÞ
1; i ¼ 1; 2; as in the proposition above, and A2 ¼ A1B
1; for
some BAGn; then we have
O2 ¼ BO1Bt:
This means that two period matrices which are related in this way for some BAGn
should be regarded as equivalent.
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